The spatial and temporal harmonic balance (STHB) method is used to solve the periodic solution for a nonlinear partial dierential equation (PDE) demonstrated by a nonlinear string equation with a linear complex boundary condition, and stablity analysis is conducted for the periodic solutions using Hill's method. In order to avoid the integration procedure for discretizing the PDE to obtain the ordinary dierential equations (ODEs), spatial and temporal harmonic balance procedures are conducted simultaneously, which can be eciently achieved by the discrete sine transform and the fast Fourier transform. An additional coordinate associated with the generalized coordinates of the trial functions for the spatial discretization is introduced to make the solution satisfy all boundary conditions, and a relationship of the additional coordinate and the generalized coordinates is developed and used in the STHB method so that the test functions can be the same to the trial functions. Jacobian matrix of the harmonic balanced residual is obtained analyti- * the author's current institute is Georgia Institute of Technology, Atlanta, Georgia, 30332 cally, which can be used in Newton method for solving the periodic response. The STHB method and Jacobian matrix make the calculation of the periodic solution for the nonlinear string with a linear spring boundary condition ecient and easy to be implemented by computer programs. The relationship between the Jacobian matrix and the system matrix of the linearized ODEs are developed, so that one can directly obtain the Toeplitz form of the system matrix, and Hill's method can be used to analyze the stability with the eigenvalues of the Toeplitz-form system matrix without the derivation of the ODEs. The frequency curve of the periodic solutions is obtained and their stability is indicated by the method in this work.
INTRODUCTION
A nonlinear partial dierential equation (PDE) can be solved by dierent methods, such as the perturbation methods [1] , the nite element method, and Galerkin method [2] . To obtain the periodic response of the nonlinear PDE, harmonic balance method [3] and incremental harmonic balance (IHB) method [4] H T s Q evaluated at x = 1 is always equal to zero. To introduce the motion at x = 1 for the representation of w(x, t), an additional trial function e(x) = x with its generalized coordinate q(t) is used. Since e(x)q(t) at x = 0 is also equal to zero, the xed boundary condition is still satised. Thus, a solution of w(x, t) can be represented by
PERIODIC SOLUTION OF A STRING WITH A LINEAR
The rst and second partial derivatives of w(x, t) with respective to x are
respectively, where
with G being the rst-order dierential operator of H s , and G 2 is the second-order dierential operator of H s , which is a diagonal matrix with diagonal elements be-
Note that there is no q in w xx since e(x) = x. Substituting w(x, t) and w x (x, t) in Eqs. (6) and (7) into the spring boundary condition in Eq. (3) by setting x = 1, one has
and the relationship of q and Q is
withH T s (1) is a zero vector. Substituting this relationship into Eqs. (6) and (7) yields
and
respectively. Substituting w, w x , w xx given by Eqs.
(10), (11) and (8) 
where f = {y 0 cos t 0 · · · 0} T is a N × 1 column vector. The periodic solution of w(x, t) indicates that Q is a periodic solution, and the n th element of Q can be written by Fourier series
where M is the order of Fourier series, a n,m is a constant coecient of η n (x)φ m (t) = η n (x) exp(jmt) and j denotes the imaginary unit. By dening a m = {a 1m · · · a N m } T to be the coecient vector for φ m (t), concise expressions of Q,Q, andQ are
and ⊗ denotes Kronecker product. The mixed-product property of Kronecker product
where A, B, C and D are matrices of such sizes that matrix products AC and BD can be formed, can be used in the derivation ofQ shown in Eq. (14):
Similarly,Q in Eq. (15) can be derived. Substituting Q,Q, andQ from Eqs. (13) to (15) into Eq. (12) yields the residual function
Conducting spatial and temporal harmonic balance procedure in [5] yields the harmonic balanced residual
where
The linear part and the nonlinear part of the residual function R(a) convert to those of the harmonic balanced residual R(a). The linear part
and the nonlinear part of R(a) is
which cannot be explicitely expressed as one can do in Eq. (19). The the STHB method in [5] can be used to calculate N(a) by discretizing spatial and temporal coordinates simultaneously.
Evaluating N(a)
.., Ns−1 
Thus, calculating the periodic solution of w(x, t) changes to nd a so that R(a) vanishes. One can use Newton method to solve the nonlinear problem, where the Jacobian matrix R(a) with respect to a should be obtained. Jacobian matrix of L(a) can easily obtained
Jacobian matrix of N(a) can be obtained by the modication for that in [5] . Let
T β 2 β 1 and β 2 are harmonic balanced forms of Γ 1 and Γ 2 by the STHB method as N(a) for N(a),
T From the derivation in [5] , Jacobian matrix for the nonlinear part is
and M 1 and M 2 are constant given in [5] . For the rest part in M, one can calculated using the mixed-product property of Kronecker product in Eq. (16):
Thus, one has
Using the property of Toeplitz transform in [5] for Eq.
(24) yields
is a truncated Toeplitz form of S(t) =Φ T S T . Then Jacobian matrix of R(a) can be
The guess of a can be updated by Newton method to search a nal solution a ss so that R(a ss ) = 0, and Tthe periodic solution of w(x, t) for the PDE in Eq.
(1) is
STABILITY ANALYSIS OF THE PERIODIC SOLUTION
For stability analysis of w ss (x, t) for Eq. (1) 
The simplied expression of Eq. (28) is
Linearization of Eq. (30) about the periodic solution
and its state-space form is
where γ = {Q T ,Q T } T is the state variable vector
is a constant matrix, and
is a periodic matrix. Due to the nonlinear term handwork, which is workable only for simple nonlinear-ity and needs lots of work, or by numerical integration that takes very long time. However, the discussion in [5] indicates a relationship between nonlinear terms in A(t) and Jacobian matrix J, which is
With this relationship, stability of w ss (x, t) can be analyzed by Hill's method. A truncated Toeplitz form of A(t), denoted by A T , has the same form as Eq. (26), whose diagonal block is
and o-diagonal blocks are
where S m is the coecient matrix of S(t), which can be directly obtained from S T in J. 
RESULTS
In the simulation, some values of coecients in Eq.
(1) are chosen as c d = 1.2, y 0 = 1.5, k d = 10, N = 5, M = 11, N s = 32 and M s = 64. When the spring stiness k 0 = 10 and ω = 1.5, the periodic solution w ss (x, t) is achieved by the method above. Responses of the generalized coordinates Q = {q 1 (t) · · · q N (t)} T and the additional coordinate q(t) in one period are shown in Fig. 2 . Since k 0 is small, amplitude of the response q(t) at the spring boundary is about one third of that of the response q 1 (t) for the 1 th order trial function η 1 (t). Responses of the periodic solution of w(x, t) at dierent time points from zero to 2π are shown in 
CONCLUSION
The STHB method is demonstrated to calculate the periodic responses for a nonlinear string with a linear spring boundary condition. A spectral method is used to discretize the PDE to sets of ODEs, where an additional coordinate is introduced to make the solution satisfy both the xed and spring boundary conditions. The relationship of the additional coordinate and the generalized coordinates of basis functions for the spectral method is found, so that the test functions can be the same to the trial functions, and the bility analysis, the relationship of Jacobian matrix and the system matrix of the ODEs is used to obtain the Toeplitz form of the system matrix, so that the derivation of the ODEs can be also avoided, which makes this method ecient and easy to be mplemented. The frequency response curve of periodic solutions is obtained, and the stability of the solutions is indicated.
